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Abstract. An uni…ed approach to non-linearity identi…cation in Hammerstein systems by orthogonal series algorithms is presented. The conditions of convergence are
given for orthogonal series algorithms examined in the literature.
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1.

INTRODUCTION

In this work, we identify Hammerstein system, i.e.
a non-linear memoryless subsystem followed by
a linear dynamic one. We identify its nonlinear
part from input-output observations of the whole
system. The problem has received great attention
from a number of authors, see Gallman [4], Chang
and Luus [2], Tchatachar and Ramaswamy [19],
Haist et al. [10], Billings and Fakhouri [1].
All authors mentioned above have assumed that
the unknown non-linear characteristic can be represented in a parametric form, i.e. that it is a
member of a class of functions which can be parameterized. Usually, the characteristic is a polynomial whose degree does not exceed a known number. So, in order to apply successfully their identi…cation algorithms we must possess information
which can often be unavailable.
In contradistinction to those authors, our a priori information about the nonlinear subsystem
is much smaller. We only assume that the characteristic is square integrable. In the statistics,
problems like ours are called non-parametric. The
non-parametric approach to recovering the nonlinearity in the Hammerstein system has been
studied by Greblicki and Pawlak [6, 7, 8, 9], Greblicki [5], Hasiewicz [11], Pawlak [14], Krzyz·ak
[13], Pawlak and Hasiewicz [15], Śliwiński [18], ZiQiang [21], Vandersteen et al. [20]. Various algo-

rithms have been proposed of which the kernel and
orthogonal series look most e¤ective.
In this paper we present an approach which uni…es orthogonal series algorithms presented in the
literature.
2.

THE IDENTIFIED SYSTEM

The identi…ed Hammerstein system with input Un
and output Yn is shown on Fig. 1. In the present
work fUn ; n =
; 1; 0; 1;
g is a stationary
white random process. The nonlinear memoryless
subsystem has a characteristic m which means
that
Wn = m(Un ):
The linear dynamic subsystem described by the
following state-space equation:
Xn+1
Vn

= AXn + bWn

(1)

T

= c Xn ;

where A is a matrix, b and c are vectors, and T
denotes transposition. Here A, b, and c are all unknown, but it is assumed that A is a stable matrix.
Clearly fXn ; n =
; 1; 0; 1;
g is a stationary
random process; Vn is not accessible for measurement and we have only Yn , where
Yn = Vn + Zn
and where fZn g is an additive stationary noise
with zero mean and …nite variance. Moreover,

processes fUn g and fZn g are mutually independent. Our goal is to recover m from inputoutput observations of the whole system, i.e. from
(U1 ; Y1 );
; (Un ; Yn ).
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By sn (u; g) and sn (u; f ) we denote partial expansions of g and f , respectively. It means that

Fig. 1. The identi…ed Hammerstein system, k0 =
0 and ki = cT Ai 1 b; i = 1; 2; .

sn (u; g) =

n
X

ak 'k (u)

n
X

bk 'k (u):

k=0

We also assume that Un 2 with some . In the
paper, we consider cases for which
is a …nite
interval, half real line or the whole real line.
By f we denote the probability density of Un
which is assumed to exist.
3.

BASIC ALGORITHM

The idea of our algorithms is based on the fact
that

and
sn (u; f ) =

k=0

Since both ak and bk can be easily estimated,
our basic algorithm recovering has the following form:
q(n)
X
a
^k 'k (u)
^ (u) =

k=0
q(n)

E fYn+1 jUn = u g = m(u) + ;
where
= cT b,
= cT AEXn . For the sake of
simplicity, we denote

X

k=0

n

Coe¢ cients
and
are unknown and can’t be
estimated due to the fact that the inner system
signal is not measured.
To identify the nonlinear subsystem, we apply orthogonal functions. Let 'k (u), k = 0; 1; 2; , be a
sequence of such functions, i.e. a sequence of complete orthonormal functions in a set . If
is a
…nite interval, one can apply the trigonometric or
Legendre orthogonal functions. If
is a half real
line, the Laguerre functions can be employed while
for being the whole real line, Hermite polynomials can be used. Compactly supported orthogonal
wavelets can be exploited for …nite and in…nite interval
(see Appendix).

a
^k =

n

1X
1X
Yi+1 'k (Ui ) and ^bk =
' (Ui ):
n i=0
n i=0 k

In the estimate q(n) is a sequence of integers. We
show that the proper selection of the sequence
makes the algorithm converge to (u).
4.

CONVERGENCE OF THE BASIC
ALGORITHM

Denote
q(n)

g^(u) =

X

a
^k 'k (u)

k=0

and

We assume that

q(n)

max j'k (u)j
u2
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c2

max j'k (u)j
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ck

f^(u) =

(2)

for some orthogonal series, and
(3)

X

^bk ' (u)
k

k=0

and observe that ^ (u) = g^(u)=f^(u). Clearly,
E^
ak = ak and E^bk = bk . Owing to that,
q(n)

for others.

E^
g (u) =
g(u)
;
f (u)
(u)f (u). Expanding g and f , we
(u) =

where g(u) =
get

^bk ' (u)
k

where

(u) = m(u) + :

Observe that
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ak 'k (u);

We can now give the following

Lemma 1 Let

Lemma 2 If

q(n) ! 1 as n ! 1.

22q(n)+2
! 0 as n ! 1;
n

(4)

Then
then

g (u) = g(u) and lim Ef^(u) = f (u)
lim E^

h
i
lim var [^
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at every point at which
lim sn (u; g) = g(u) and lim sn (u; f ) = f (u);

n!1

n!1

(5)
respectively.

Lemma 3 If

n

g^(u) =

1X
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at every point u 2
f (u) > 0.
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5.

as n ! 1 in probability
at which (5) hold and

PARTICULAR ALGORITHMS

The following Corollaries are now simple consequence of our Theorem and facts given in Appendix.

where
q(n) (Ui ; u)

Corollary 1 If
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n X
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(8)

Theorem 1 If (4) and (7) hold for orthogonal series satisfying (2) (or if (4) and (8) hold for series
satisfying (3)) then

= V1 (u) + V2 (u):

V1 (u) =

! 0 as n ! 1;

We are now in a position to present

'k (v)'k (u):

k=0

with some d. Thus

(n)
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q4
then

q(n) (Ui ; u)

Observe in passing that due to (2)

v2

n!1

If, moreover, orthogonal functions satisfy (3), then
one can show in a similar manner that

We shall now examine variance of g^(u) and f^(u).
Observe that

max

(7)

q 2 (n)
= 0;
n!1
n

lim q(n) = 1 and lim

V2 (u) =

n!1

q(n) (Ui ; u); Yj+1

q(n) (Uj ; u)

i=0 j=0
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Owing to (6)

:

then the trigonometric series algorithm converges
at every point u 2 ( ; ) at which both f and g
are di¤ erentiable and f (u) > 0.
Corollary 2 If

n
2 2q(n)+2 X

d 2

V1 (u)

n2

2
EYi+1

n!1

i=0
2q(n)+2

=

O

q 2 (n)
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n!1
n

lim q(n) = 1 and lim

then the Legendre series algorithm converges at
every point u 2 ( 1; 1) at which both f and g are
di¤ erentiable and f (u) > 0.
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n

In turn, because of (10)
V2 (u)
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cd2 22q(n)+2 X
(n
n2
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22q(n)+2
n

Corollary 3 If
n

i) kA k

:

In this way we have veri…ed the following

q 6 (n)
= 0;
n!1
n

lim q(n) = 1 and lim

n!1

then the Laguerre series algorithm converges at
every point u 2 (0; 1) at which both f and g are
di¤ erentiable and f (u) > 0.

Corollary 4 If
q 5=3 (n)
= 0;
n!1
n

lim q(n) = 1 and lim

n!1

then the Hermite series algorithm converges at
every point u 2 ( 1; 1) at which both f and g
are di¤ erentiable and f (u) > 0.

is the kth Legendre polynomial. One can verify
that P0 (x) = 1, P1 (x) = x, P2 (x) = (3=2)x2 1=2
and so on. We have max 1 x 1 j'k (x)j
1 and
thus
= 0. Moreover (9) holds at every point
x 2 [ 1; 1] at which is di¤erentiable, see [16].
Laguerre series. Let
'k (x) = e

Corollary 5 If

n!1

Lk (x) = (1=k!)ex (dk =dxk ) xk e

then the Daubechies wavelet series algorithm converges at every point u 2 ( 1; 1) at which both
f and g are continuous and f (u) > 0.
CONCLUSIONS
In the paper we have presented the approach unifying the orthogonal series algorithms recovering
the non-linearity in Hammerstein system. We have
shown that the proper selection of the algorithm
complexity, with relation to the employed orthogonal series and number of measurements, makes
the algorithm converge. The convergence of the
algorithm holds at every points of convergence of
the respective orthogonal series.
APPENDIX
ORTHOGONAL FUNCTIONS

Let R be a …xed set and let be a function such
2
that
(x)dx < 1. Let 'k (x); k = 0; 1; 2;
be a complete set of functions orthonormal in
and let sn (x) be a partial
Pn expansion of in
the series,
i.e.
let
s
(x)
=
n
k=0 ak 'k (x), where
R
ak =
(x)'k (x)dx. Below, we present various
orthonormal series functions and examine the following convergence
lim sn (x) = (x):

(9)

n!1

Trigonometric series. Let

=[

'k (x) = ejkx ; k = 0; 1; 2;

Lk (x);

where

22q(n)+2
= 0;
n!1
n

lim q(n) = 1 and lim

A

= [0; 1) and let

x=2

; ] and let
:

It is clear that max
ejkx
1 and hence
x
= 0 in (3). Now the partial expansion has the
Pk
following form sk (x) = jij=0 ai 'i (x). It is well
known that (9) holds at every point x 2 ( ; )
at which is di¤erentiable, see [16].

x

is the kth Laguerre polynomial. We have L0 (x) =
1, L1 (x) = x + 1, L2 (x) = x2 =2 2x + 1,
.
Since it is known that max0 x<1 j'k (x)j
ck
with some c then = 1. Moreover, (9) holds at
every point x 2 (0; 1) at which is di¤erentiable,
see [17].
Hermite series. Let = ( 1; 1) and let
q
p
'k (x) = (1= 2k k! )Hk (x);

where

2

Hk (x) = ( 1)k ex (dk =dxk )e

x2

is the kth Hermite polynomial. One can verify that
H0 (x) = 1, H1 (x) = 2x, H2 (x) = 4x2 2,
.
It is known that max 1<x<1 j'k (x)j ck 1=12 ,
thus = 1=12. Moreover (9) holds at every point
x 2 ( 1; 1) at which is di¤erentiable, see [17].
series. Let

Daubechies wavelet
( 1; 1) and

=

nmax (x;p)

'0 (x)

X

=

p
D0;n
(x)

n=nmin (x;p)
lmax (x;k;p)

'k (x)

X

=

p
Wkl
(x) ;

l=lmin (x;k;p)

for k = 1; 2;
p
D0;n
p
Wkl

; and …xed x 2
p

; and where

(x)

=

D (x

n) ;

(x)

=

2k=2 W p 2k x

l

are translated dilations of functions Dp (x) and
W p (x), being the father and mother wavelet of the
pth Daubechies wavelet family, see [3, p. 194]. The
indices n and l run from nmin (x; p) = bxc 2p + 2
to nmax (x; p) = bxc and from lmin (x; k; p) =
b2k xc p + 1 to lmax (x; k; p) = b2k xc + p 1,
respectively.
Remark 1 Alternatively, one can set

Legendre series. Let = [ 1; 1] and let
p
p
'k (x) = ( 2k + 1= 2)Pk (x);

lmax (x;k;p)

'k (x) =

X

p
kl

(x) ; k = 0; 1; 2;

:

l=lmin (x;k;p)

where
Pk (x) = (1=2k k!)(dk =dxk ) x2

1

2

In this case
Pkthe partial expansion turns to the form
sk (x) = jij=0 ai 'i (x):

In both cases max 1<x<1 j'k (x)j
c2k=2 . The
convergence (9) holds at every point x 2 ( 1; 1)
at which is continuous, see [12].
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HAMMERSTEIN SYSTEM

The lemma below holds for any f and any m.
Lemma 4 Let be a Borel measurable function.
Then in the Hammerstein system

=

cov [Xn+1 (Un ); X1 (U0 )]
An+1 cov [X0 ; X0 ] AT E2 f (U0 )g

+An bEfX T gAT cov [m(U0 ); (U0 )] Ef (U0 )g
+An bbT Ef (U0 )gAT cov [m(U0 ); m(U0 ) (U0 )]
for n = 1; 2; 3;

.

Proof. The proof is straightforward and is
omitted.
Corollary 6 Let be a bounded Borel measurable
function. Then in the Hammerstein system
kcov [Xn+1 (Un ); X1 (U0 )]k

d2 kAn k

for n = 1; 2; 3; , where d = max j (u)j and
independent of n and .

(10)
is
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